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\S 1 Introduction
2 , , 2-part Gauss
. 4-rank , R\’edei-reichardt[R-R] ,
. , Lagarias[L] , 4-rank
$\zeta$ 4-rank , .([O],[K-K-N])
8-rank , R\’edei ([RI][R2]) , , 3 $(a, b, c)$
$a\geq b\geq c\geq 0$ 2-rank$=a$ , 4-rank$=b$ , 8-rank$=c$ 2
. 2-rank $=1$ , 2-part , , 8-rank
, Diophantaine
.
\S \S 2-3 , P.Morton $([M2],[M3],[M4],[M5],[M6])$ P.Stevenhagen ([Stl],[St2])
Conjecture . \S 4
. P.Morton , [Kl .
Conjecture (Cohn-Lagarias [C-L])
$d$ $d\not\equiv 2mod 4$ , $w$ 2 . ,
$M/Q$ , $d$ $P$ $dp\equiv 0,1mod 4$
. ,
$Q>\sqrt{dp}$ $C(dp)$ 2-part w-rank $M/Q$ $p$ Frobenius class
.
Remark 1-1
Frobenius class , $M/Q$ $Gal(M/Q)$
$\{\tau\sigma\tau^{-1} ; \tau\in Gal(M/Q)\}$ , $\sigma$ :
$\forall_{X}\in M$ , $x^{\sigma}\equiv x^{p}$ mod $\mathcal{P}$ , $P\in \mathcal{P}$ : $M$ .
Definition 1-1 ([C-L])
$D\not\equiv 2mod 4$ $d$ , 2 $w=2^{j}$ ,
$M/Q$ , $d$ $p$ $dp\equiv 0,1mod 4$ , Conjecture
, $M$ Governing-field ( ) $\Omega_{j}(d)$ .
853 1993 133-147
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\S \S 2 Governing-field (1)
R\’edei 2 $Q(\sqrt d)$ 2 4-rank,8-rank $d$- 2
$\{a_{1}, a_{2}, a_{3}\}$ (‘ ’ ) . $Q$ 8
.
, 2 $\Omega=Q(\int_{-\nabla q}\gamma$ $C$ $C/C^{8}$
. 2 $Q(\sqrt{}\infty q$ .
(2.1) $d=p_{1}\ldots.p_{r}$
(2.2) $p;\equiv 1(mod 4)$ , $( \frac{p_{i}}{p_{j}}I=+1$ for $i\neq j$
(2.3) $q\equiv 3(mod 4)$
.
Theorem (Morton)
2 $Q(r-q$ $\exists\Sigma_{d}/Q$ s.t.
$( \frac{\Sigma_{d}/Q}{q}I$ : Artin









$\chi_{r}$ : $X_{2}$ ($X_{2};G$ 2 )
$a_{1},$
$\ldots,$
$a_{r}$ : $A_{1}$ ($A_{1;}G$ 2 )
$\Rightarrow$
$G$ 4-rank $e_{4}=s$ .
, $s$ $M=(\xi\chi_{j}(a;))(1\leq i, j\leq r)$




$M=(\xi\chi_{j}(a;))(1\leq i, j\leq r, a;\in A_{1})$ ,
$M=(\begin{array}{ll}0 00 I\end{array})$
,I $=(r-s)x(r-s)$ ,\chi 1, ..., $\chi_{s}$ $G$ X
. ,
$e_{8}=s-\rho$ : $GO$ 8-rank
$b;^{2}=a;(1\leq i, j\leq s)$ $\rho$ $M’=(\xi\chi J(b_{i}))$ rank .
Lemma 2-3





$t=\#\{p;p|\Delta\},$ $\mathcal{A}$ $\Omega$ , $( \frac{a,.b}{p}I$ .
‘ ’
$\prod_{p_{1}\cdot|\Delta}\chi_{p;}(A)=1$
, $C$ $2-rank=t-1$ .
Remark 2-1
$a,$ $b\in Z(a\neq 0, b\neq 0),$ $p$ . $b$ $( \frac{a,b}{p})=+1,$ $b$
$( \frac{a,b}{p}I=\pm 1$ , $+1$ $a$ $p^{e}(e=1,2, \ldots)$ 2
$k=Q(\sqrt{b})$ \beta e :
$a\equiv N_{k/Q}\beta_{e}(modp^{e})(e=1,2, \ldots)$
. , $-1$ .
Lemma 2-4 $p||\Delta$ ,3P: : $\Omega$ $ys$ , s.t.
$\mathcal{P}^{2}=(p_{i})$
, $A_{1}$ , 2 ,
$A_{1}=<P_{1},$
$\ldots,$ $P_{t}>, \prod_{p:|\Delta}\mathcal{P}_{j}^{\epsilon_{p;}}\sim 1$
, $\epsilon_{p;}=0$ or 1.
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, $‘\sim$ ’ , :
$A\sim \mathcal{B}\Leftrightarrow^{\exists}\alpha\in\Omega$ , s.t. $A=(\alpha)\mathcal{B},$ $N\alpha>0,$ $A,$ $\mathcal{B}$ $\Omega$ .
Lemma 2-5
$A= \prod_{pj|\Delta}\mathcal{P}_{j}^{r_{p_{i}}}$
, $r_{p:}=0$ or 1.
, $r_{Pi}=0$ .
,A , $a=NA$ , $(x, y)z)$ .
$x^{2}-\triangle y^{2}-4az^{2}=0$
$\Rightarrow$
$\exists_{\mathcal{B}^{2}\sim A,s.t}$ . $N\mathcal{B}=z$
Lemma 2-6




,Redei 2 $\Omega=Q(\sqrt{\triangle})$ $C^{+}$
. , $\triangle=-qd$ . ,d, $q$ ,
.
(2.1) $d=p_{1}\ldots.p_{r}$
(2.2) $p_{i}\equiv 1(mod 4)$ , $( \frac{p}{p_{j}}I=+1$ for $i\neq j$
(2.3) $q\equiv 3(mod 4)$
, Lemma 2-3 $e_{2}=r$ , Lemma 2-1,3 $e_{4}=s$ ,
$s= \#\{p;;(\frac{q}{p}I=+1\}$
, $e_{8}=s-\rho$ ,
$\rho=rankM’$ , $”=(\xi\chi_{j}(\mathcal{Z}_{i})),$ $(1\leq i,j\leq s)$
, $\mathcal{Z}^{2}\sim P_{i},$ $(1\leq i\leq s)$ .
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, Lemmas $\chi_{j}(Z_{i})(1\leq i\leq s)$ 4 $( \frac{a}{p})_{4}$
. 4 $p\equiv 1(mod 4)$ $p$ $p$ a
$( \frac{a}{p})_{4}\equiv a^{L_{4}^{-\underline{1}}}(mod p)$
, $( \frac{a}{p})_{4}=1$ ( $a$ : $p$ 4 ), , $=-1(a$ : $p$
) .
Lemma 2-7 :
$\chi;(\mathcal{Z}_{i})=(\frac{d/p_{i}}{p_{i}}I_{4}\cdot(\frac{-q}{p}I_{4}$ $(1\leq i\leq s)$ .
(pf)
Lemma 2-3,5 $\chi;(\mathcal{Z};)=(\frac{z}{p}I$ , $(x, y, z)$ , $z>0$ .
$x^{2}+dqy^{2}-4p;z^{2}=0$
Lemma 2-6 , Lemma .
Lemma 2-8
$\mathcal{R}_{1j},$ $D_{1j)}Q_{ij}$ $Q(\sqrt{p_{1}p_{j}})$ , $(1\leq i, j\leq s)$ .
$D_{ij}D_{ij}’= \frac{d}{p_{1}p_{j}},$ $Q_{1j}\mathcal{Q}_{1j}’=q,$ $D_{ij}Q_{ij}\mathcal{R}_{1j}^{2}\sim 1$ ( $Q(\sqrt{p_{i}p_{j}})$ )
, $(\mathcal{R}_{ij}, 2Dq\mathcal{R}_{ij}’)=1$ .
$\chi_{j}(Z_{j})$ $=$ $( \frac{p_{j}}{p_{j}})_{4}\cdot(\frac{r_{j}}{p_{j}})$ $(r_{j}=N\mathcal{R}_{ij})$
$=$ $( \frac{p}{p_{j}}I_{4}\cdot(\frac{pj}{p_{i}})_{4}\cdot\chi_{i}(Z_{j})$ $(i\neq j)$
(pf)
Lemma 2-7 .
Lemmas , $\chi_{j}(Z;)$ , $Q$ Galois $q$
.
Lemma 2-9
$H_{:}= \{r\in Q;(r, 4p_{i})=1, (\frac{r}{p_{i}})=(\frac{r^{*}}{p})_{4}=1\}$
$r^{*}=rv(r),$ $v(\neq 1)$ :modulo 4
$K$; : $H_{i}$ $Q$ , $mod H$; ray class field.
$\sigma_{i}(\neq 1)\in Ga1(K_{i}/Q(\sqrt{p_{i}}))$ . $(1\leq i\leq s)$
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$\Rightarrow$
$\chi;(Z_{i})$ Artin symbol $( \frac{K_{i}}{q})$ \dagger $\vee\supset$ . (
$\chi;(\mathcal{Z};)=(\frac{d/p}{p}I_{4}^{2}\cdot(-1)^{a_{1}}$ , $( \frac{K}{q})=\sigma^{a}{}^{t}a;=0$ or 1.
Lemma 2-10
$L_{1j}$ : $Q(\sqrt{p_{i}pj})$ $Q(\sqrt{p_{i}}, \sqrt{p_{j}})$ 2
$\lambda_{ij}(\neq 1)\in Ga1(L_{jj}/Q(\sqrt{p_{i}}, \sqrt{pj}))$
$\delta_{ij}\in Gd(L_{ij}/Q(\sqrt{p_{j}p_{j}})$
$\delta_{ij}$ $:=( \frac{L_{\mathfrak{i}j}/Q(\sqrt{p_{\mathfrak{i}}p_{J}})}{\mathcal{D}_{j}})$ : Artin
$\delta_{1j}=1$ or $\lambda_{1j}$ . $(1\leq i, j\leq s, i\neq j)$
$\Rightarrow$
$\chi_{j}(\mathcal{Z}_{i})=(\frac{p_{j}}{p_{j}})_{4}\cdot(-1)^{b_{ij}}$ .
$( \frac{L:j/Q(\sqrt{PiPj})}{Q:j})=\delta_{ij}$ $\lambda_{ij}^{b_{ij}}$ , $b_{1j}=0$ or 1.
Lemma 2-11
$h$; : $Q(\sqrt{p:})$
$\mathcal{P}_{ij}$ : $Q(\sqrt{p_{1}})$ $p_{j}$
$P_{1j}^{3h_{i}}=(\beta_{1j}),$ $\beta_{jj}=x+y\sqrt{p_{j}},$ $N\beta_{1j}=p_{j}^{3h;}>0$







$K_{d}+=Kj$ , $(1\leq i\leq s)$
$\Lambda_{d+}=L_{1j}$ , $(1\leq i\leq s)$
$\Omega_{d\star}=Q(\sqrt{p_{1}}, \ldots, \sqrt{p_{s}}),$ $\Sigma_{d+}=K_{d+}\Lambda_{d+}$ .
, $d$ $d^{+}$ , $q$ .
,
$\Sigma_{d+}\subseteq\Sigma_{d}$ ,
, $K_{d+},$ $\Lambda_{d+},$ $\Omega_{d+}$ . ,Lemma 5-9, 10 $Q$
.
Thorem 2-1 (Morton [M2])
$d,$ $q$ , (2.1), (2.2), (2.3) . $C$ $Q( \int_{-7q}\gamma$ .
$\Rightarrow$
$C/C^{8}$ Artin .
$( \frac{\Sigma_{d}/Q}{q}I$ , $(\Sigma_{d+}\subseteq\Sigma_{d})$
, Artin .
$( \frac{\Sigma_{d}/Q}{q})=\{\{\frac{\Omega_{d}/Q}{\frac{\frac K_{j})L^{q^{j}}.\cdot/Qq}{q}})_{)}$ $0^{o_{nL^{\Omega}’}^{o_{n}n_{K_{j^{d}}}}}.\cdot$
,
$1\leq i\leq s1\leq i<j’\leq s$
, $\mathcal{Q}_{jj}$ $Q(\sqrt{p_{j}p_{j}})$ $q$
$( \frac{L_{ij}/Q}{q}I=(\frac{L_{j}/Q(\sqrt{p.p_{j}})}{Q_{ij}}I\cdot$
$C/C^{8}$ governing field $\Sigma_{d}$ $q$
. $C/C^{8}$ , $q\equiv 3(mod 4)$
, Morton .
Definition 2-2 2 $Q(\sqrt{}-\nabla q\urcorner$ $d’|d,$ $d’=p_{1}\cdots p_{s}$
.
$N(d, \rho)$ $:=\#$ { $R=(\epsilon_{1i});$ rankR $=\rho,$ $(-1)^{e_{ij}+e_{j1}}=( \frac{p_{i}}{p_{j}})_{4}(\frac{p_{j}}{p_{i}})_{4},1\leq i,j\leq s,$ $i\neq j$ }
$N(1,0)=1$
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Theorem 2-2 (Morton [M2]) $d,$ $q$ , (2.1), (2.2), (2.3) . $C$
$Q(\Gamma-\partial q\gamma$ , $0\leq\rho\leq s\leq r$ , .
$C/C^{8}\cong C_{2}^{(r-s)}xC_{4}^{(\rho)}xC_{8}^{(s-\rho)}$
, $C_{n}^{(m)}$ , $n$ $m$ .
$\Rightarrow$
$\partial(d, s, \rho)=2^{-()-r-s-1}2\sum_{d’,|d}N(d’, \rho)\nu(d)=s$
, $\nu(d’)$ $d’$ . $\partial(*)$ .
, 2 $Q(\sqrt{}\infty q$ ,
(2.4) $d=p_{1}\ldots.p_{r}$
(2.5) $p;\equiv 1(mod 8)$ , $( \frac{p_{i}}{p_{j}}I=+1$ for $i\neq j$
(2.6) $q\equiv 1(mod 4)$
Morton [M4] . , 2
2-part .
, R\’edei [Rll .
Norm $\eta_{q}=-1\Leftrightarrow C_{q};\{2, \ldots, 2\}$
,\eta q $Q(\sqrt{}\eta_{q}$ , $C_{q}$ $Q(\sqrt{}\infty q$ 2-part . Morton
. .
Theorem 2-3 (Morton [M4])
$d,$ $q$ , (2.4), (2.5), (2.6) .
$T$ : 2-rank $=r$ 2
. , $T$ 8-rank . $\epsilon=\pm 1$ .
$\Rightarrow$
$\partial$( $\{q$ : ; $C_{q}\cong T$, Norm $\eta_{q}=\epsilon\}$ ) $>0$
, 2-part $C_{q}$ $\eta_{q}$
.
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\S 3 Governing-field (2)
$p,$ $q_{1},$ $q_{2}$ . P.Morton [M5] , 2
$Q(\sqrt{-q_{1}q_{2}p})$ $(p\equiv q_{1}\equiv q_{2}\equiv 3(mod 4))$
2 8-rank governing-field , reciprocity
theorem . , [C-L] governing field
.
Conjecture $C_{j}(d)$ ([C-L])
$d(\not\equiv 2(mod 4))$ $\in Z$ $K$ .
$K=K_{j}(d)$ : $Galois/Q$ $P_{j}(d)$ $(j\in N)$
$P_{j}(d)$ : (s t2 (pKp11/)’,QpC2)2/:(( 12\aleph ))]’$=$:(2dk[’(-pKrja)/nQ=k) ( ) $(1 \leq k\leq i)$
, $[(K/Q)/(p_{i})]$ :Frobenius class
i.e. $[(K/Q)/(p_{j})]$ $= \bigcup_{p:\subseteq P;}$ { $\sigma\in Ga1(K/Q)$ ; $x^{\sigma}\equiv x^{p_{1}}(modP_{i})$ for $\forall_{X}\in \mathcal{O}_{K}$ }
$C_{2}(dp;)$ : $Q(\sqrt pD$: 2-sylow
$j=3$ , 2- $d$ , ,
$d=-p_{1}p_{2}\ldots p_{k}$ , $p_{i}\equiv 1(mod 4),$ $( \frac{p_{j}}{p_{j}})=1,$ $(i\neq j)$
$d=p_{1}p_{2}\ldots p_{k}$ , $p_{j}\equiv 1(mod 8),$ $( \frac{p}{p_{j}}I=1,$ $(i\neq j)$
Morton $([M2], [M3], [M4])$
. , $d(\not\equiv 2(mod 4))$ , $j=3$ Stevenhagen ([Stl],[St2])
. Morton idea ,
. .
Theorem 3-1 ([Stl])
$d$ $d\not\equiv 2mod 4$ $0,$ $\pm 1$ . $K$
.
$K=Q$ ( $\sqrt{q}:q$ $q|d$ ).
, $Dp\equiv 0,1mod 4$ , $p$ 2 $Q(\sqrt{p})$ $C(dp)$
$C(dp)/C(dp)^{8}$ . , $K$
$p$ Frobenius class . $K$ $2d\cdot\infty$
$K$ exponent 2 .








Definition 3-1 $\Omega_{j}(d)$ governing field .
[C-L] , 12- $G$ 2-
.
Density Conjecture $D_{j}(d)$ ([C-L])
$d(\not\equiv 2(mod 4))\in Z$
$G= \prod_{1\in I}G$; : 2-
$G$; : $\# G;\leq 2^{j-1}(j\in N)$
$\Rightarrow$
$\Sigma_{j}(d, G)=\{(p);C_{2}(dp)\cong G\}$ : .
$\#\{(p);C_{2}(dp)\cong G\}/\#$ {$p;dp2$ } . ,
$\Omega_{3}(21)$ . Morton $([M5])$
.









3 reciprocity theorem .
Theorem 3-3 (Morton [M5])
$p\equiv q_{1}\equiv q_{2}\equiv 3(mod 4),$ $( \frac{q_{2}}{q_{1}})=+1$
$C(-q_{1}q_{2}p)/C(-q_{1}q_{2}p)^{8}\cong Z_{8}xZ_{2}$
$t43$
(A), (B) (C) .
$\{\begin{array}{l}(A)(\frac{p}{q_{1}})=(\frac{p}{q_{2}})=+1p\cdot.K_{A}(q_{1},q_{2})\text{ }(B)(\frac{p}{q_{1}})=+1,(\frac{p}{q_{2}}I=-1p\cdot.K_{B}(q_{1},q_{2})\text{ }(C)(\frac{p}{q_{1}})=(\frac{p}{q_{2}})=-1p\cdot.K_{C}(q_{1},q_{2})\text{ }\end{array}$
, $K_{A},$ $K_{B},$ $K_{C}$ .
$K_{C}(q_{1},q_{2})=QK_{B}^{A}(q,q)=QK(q_{1}^{1},q_{2}^{2})=Q\{\sqrt{-q_{1}},\sqrt{-q_{2}},\sqrt{\pi_{l2}})\sqrt{-q_{1}},\sqrt{q_{2}},\sqrt{\pi_{1}})\sqrt{q_{1}},\sqrt{q_{2}},\sqrt{-\epsilon_{2}\sqrt{q_{2}}\pi_{1}})$ (3.1)






$\pi_{1}<0$ , ( $\sqrt{q_{2}}>0$ ), $(\pi_{1},1-a\sqrt{q_{2}})\neq 1$ , $a^{2}q_{2}-b^{2}q_{1}=1,$ $( \frac{q_{2}}{q_{1}})=+1$ .
$\epsilon_{2}>1$ : $k_{2}$
, $( \frac{p}{q_{1}}I=-1,$ $( \frac{p}{q_{2}}I=+1$ ,
$C(-q_{1}q_{2}p)/C(-q_{1}q_{2}p)^{8}\cong Z_{2}xZ_{2}$
, $(A)$ $(C)$ Legendre , $P$
$C(-q_{1}q_{2}p)/C(-q_{1}q_{2}p)^{8}\cong Z_{2}xZ_{4}$
$K=K_{A}K_{B}K_{C}$ $C(-q_{1}q_{2}p)/C(-q_{1}q_{2}p)^{8}$
governing field $\Omega_{3}(-q_{1}q_{2})$ . .
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Theorem 3-4 (Morton [M5])
$K=K_{A}K_{B}K_{C}$ , ,
$K_{C}(q_{1_{1}},q_{2})=QK^{A}K^{B}((q_{1}qq_{2})=Q$
Theorem 3-2 . $K$ Q( !: )
$C(-q_{1}q_{2}p)/C(-q_{1}q_{2}p)^{8}$ $Q$ Galois .
i,e. $\Omega_{3}(-q_{1}q_{2})=K=K_{A}K_{B}K_{C}$
.
3 $q_{1},$ $q_{2},$ $p$ 4 3 , $P$ $q_{3}$ $Q( \frac{-q_{1}q_{2}q_{3}}{}$
$q_{1},$ $q_{2},$ $q_{3}$ . , Theorem7-2
, .
Definition 3-2 (Morton [M5])
$q_{i}\equiv 3(mod 4)$ , $(i=1,2,3)$
$( \frac{q_{1}}{q_{3}}I=+1,$ $( \frac{q_{3}}{q_{2}})=+1,$ $( \frac{q_{2}}{q_{1}}I=+1$ (3.2)
quadratic cyclic triple , noncyclic .
Definition 3-3 (Morton [M5])
$\{q_{1}, q_{2}, q_{3}\}$ $G$ :
$G$ $(q;, q_{j})$ ( $q_{1}$ $q_{j}$ ) $( \frac{q_{j}}{q_{1}}I=+1$ .\supset .
Proposition 3-1 (Morton [M5])
$(q_{1}, q_{2}, q_{3})$ cyclic (resp. noncyclic ) , $G$ cyclic (resp.
noncyclic) .
Theorem 3-5 (reciprocity theorem) (Morton [M5])
$(q_{1}, q_{2}, q_{3})$ :non-cyclic triple, $q_{i}\equiv 3(mod 4),$ $(i=1,2,3)$
.
$q_{1}$ : $K_{C}(q_{2}, q_{3})$
$\Rightarrow$
$\Leftrightarrow q_{2}$ : $K_{B}(q_{1}, q_{3})$
$\Leftrightarrow qs$ : $K_{A}(q_{1)}q_{2})$
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, P.Morton $p,$ $qj(1\leq j\leq 3)$ ,
2
$Q(\sqrt{-q_{1}q_{2}q_{3}p})(p\equiv 1(mod 4), q;\equiv 3(mod 4))$
2-part 8-rank Governing-field ,
.
Case 4-1




$e_{8}=1\Leftrightarrow\chi_{1}\chi_{2}\chi_{3}(\mathcal{Z})=+1,$ ( $\mathcal{Z}^{2}\sim P,$ $\mathcal{P}$ $p$ )
$x$ : Lemma 2-1
$\chi_{1}\chi_{2}\chi_{3}(Z)=(\frac{z}{q_{1}})(\frac{z}{q_{2}}I(\frac{z}{q_{3}}I\cdot$




$q_{1}=3,$ $q_{2}=7,$ $q_{3}=11$ , (4.1) . $p_{1}=421,$ $p_{2}=2269$ ,
$p_{3}=2731,p_{4}=8737$ , $C_{j}$ $h_{k_{\text{ }}}$ 2 $k_{j}=Q(-3\cdot 7\cdot 11\cdot p_{j})$
$h_{k_{1}}=64=2x2x16$ , i.e. $C_{1}\cong Z_{16}xZ_{2}xZ_{2}$ .
$h_{k_{2}}=192\equiv 0mod 2^{6}$ . i.e. $C_{2}\cong Z_{48}xZ_{2}xZ_{2}$ .
$h_{k_{\theta}}=768\equiv 0mod 2^{8}$ , i.e. $C_{3}\cong Z_{32}xZ_{2}xZ_{2}xZ_{2}$ .
or $C_{3}\cong Z_{16}xZ_{4}xZ_{2}xZ_{2}$ .
or $C_{3}\cong Z_{8}xZ_{8}xZ_{2}xZ_{2}$ .
$h_{k_{4}}=928\equiv 0mod 2^{5}$ , i.e. $C_{4}\cong Z_{8}xZ_{2}xZ_{2}$ .
.
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